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Introduction

▶ In incomplete markets models without aggregate shocks (e.g., Huggett (1993),
Aiyagari (1994)), the long-run behavior is characterized by a steady state with
constant prices and a stationary distribution of wealth.

In Aiyagari (1994), this means a constant r and w, both pinned down by a
constant K.

▶ This made solving for the steady state GE very easy—all we need to do was to
find a fixed number K that clears the capital market.

▶ Q: What happens when we introduce an aggregate shock (e.g., a TFP shock) to
an Aiyagari (1994)-style model?

Now, equilibrium prices are no longer constant.
This is because the wealth distribution (call µ) will vary with the
aggregate shock (call Z), so market clearing prices will also vary.
In other words, equilibrium pricing functions depend on Z and the entire
wealth distribution!
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Introduction

In other words:

▶ Since agents need to forecast future prices, they need to know:

how future prices depend on Z and µ, which is an∞−dimensional object.

and how µ evolves: µt+1 = Γ(µt,Zt)

Without any further discipline, this is an impossible task!

▶ So, many thought this was an intractable problem, which blocked the way to
business cycle analysis with incomplete markets.
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The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



The Problem: Recap

Solving for GE with aggregate shocks is a challenging problem for three reasons:

1 We need to solve for prices as a function of a potentially very large state space
(Z, µ)

2 Generically, we have no idea about the shape of the pricing function(s) that
clears the markets.

3 We need to solve for the endogenous mapping that describes how µ evolves
as a function of Z.

▶ We will cover two papers that solve these three problems:
Krusell-Smith (JPE, 1998) addresses (1) and (3) but abstracts from (2) with
a convenient assumption.
Krusell-Smith (MD, 1997) addresses all three problems.

▶ There are other contemporaneous contributions by Den Haan (1996) and
Rios-Rull (1997) as well.

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 3 / 46



Krusell-Smith (1998): Two Key Contributions

▶ Krusell and Smith (1998) found a clever way to solve this problem. The paper
delivered both a seminal substantive result and a major methodological
breakthrough.

▶ Substantive: “Approximate aggregation”

In a broad class of incomplete markets models with aggregate shocks,
macro aggregates look as if they are generated by a representative-agent
model with the average wealth.
It also holds in a wide range of incomplete markets models.

▶ Methodological: “The Krusell-Smith method”
Approximate the wealth distribution with its first M moments, and see if
one can obtain an equilibrium where the error from ignoring moments
higher than M can be negligible.

Based on the idea of a moment-generating function of a probability
distribution: Mx(t) = E(etX) for t ∈ R

Expanding the exponential:
MX(t) = 1 + tE(X) + t2E(X2)

2!
+ t3E(X3)

3!
+ ...+ tnE(Xn)

n! + ...
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Krusell-Smith (1998, JPE)

▶ Two types of shocks:

1 Idiosyncratic employment status: ϵe : employed or ϵu : unemployed

2 Aggregate productivity: zg : expansion, zb : recession

▶ πss′ϵϵ′ : probability for transitioning from (ϵi, zj) to (ϵi′ , zj′)

▶ Assume ϵ is i.i.d conditional on z ⇒ fraction of employed (hence ℓ) only
depends on z.

▶ Competitive markets: w(K,L, z) = (1−α)z(K/L)−α and r(K,L, z) = αz(K/L)α

V(k, ϵ;µ, z) = max
c,k′

[
u(c) + βE[V(k′, ϵ′;µ′, z′)]| z, ϵ

]
c + k′ = w(K,L, z)× ℓ× ϵ+ r(K,L, z)× k, k′ ≥ 0

µ′ = Γ(µ, z, z′)
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Krusell-Smith Algorithm

1 Approximate µk with a finite number of moments: m ≡ (mi)
N
i=1. The mapping

Γ(.,Z) reduces to a vector-valued function: m′ = Γ̄(m, z) : RN → RN. Select a
parametric family of functions for Γ. A linear or log-linear function is a
common choice: m′(z) = A0 + A1(z)m.

2 Make an (educated) initial guess about (µ0,A0,A1).

3 Solve the individual’s dynamic program (P2):

V(k, ϵ;m, z) = max
c,k′

[U(c) + βE[V(k′, ϵ′;m′, z′)| z, ϵ]] (1)

c + k′ = R(K,L, z)× k + W(K,L, z)× ℓ× ϵ, (2)

m′(zj) = A0(zj) + A1(zj)m for j = b, g, (3)

k′ ≥ 0.
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Krusell-Smith Algorithm (cont’d)

4. Using the resulting decision rules only, simulate
{

k̃n,t

}N,T

n=1,t=1
for (N,T) large.

Compute {m̃t}T
t=1.

5. Discard the first Tburn-in periods of simulated data (0 ≪ Tburn-in ≪ T). Using
the rest, estimate (Â0, Â1) by running the following regressions:

m̃′(zj) = Â0(zj) + Â1(zj)m̃+ ν for j = b, g, (4)

where K̃ ≡ 1
N

∑N
n=1 k̃n, and νi, i = b, g, denote the residuals.

6. Iterate on steps 3 to 5 until the R2 of the regression in (4) satisfies
R2 > 1− ϵR2 and the forecast variance satisfies σν < σ for very small values
of ϵR2 and σ. If accuracy remains insufficient, go back to steps 1–2 and increase
M or choose a different family of functions for Γ.
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Krusell-Smith: Pros and Cons

▶ Understand that this is a local method. You are solving for the
stationary recursive equilibrium.

DRAW

▶ ⇒ If you take a larger deviation, say in capital stock, from what is
realized in the stationary equilibrium, your “equilibrium functions” will
no longer be accurate.

▶ Why care about this? Suppose you solve your model then want to
study a policy experiment where you eliminate tax on savings. You’d
need to write a separate program from the “transition” between the
two stationary equilibria.

▶ If you solve for the full recursive equilibrium you would not need to do
this.

▶ However, solving for the full equilibrium is often much harder and so is
often “over-kill.”
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Krusell-Smith: Details

1 As with many numerical methods, a good initial guess is critical.
One idea (which KS used) is to first solve a rep-agent RBC model with
same parameterization as KS model. Then use its coefficients
(a0, a1, b0, b1) as initial guess.
We will see some more complex examples next week.

2 Can’t we update H without simulating? Yes we can.
Den Haan and Rendahl (2009) propose a method where

K
′
= Hj(K, z) =

∫
k
′
j(k, ϵ; Γ, z)dΛ(k, ϵ)

where Λ(k, ϵ) is the distribution of households across capital and
employment status
This works well if you choose a parameterize the decision rules in
particular way.

▶ See “Solving the Incomplete Markets Model with Aggregate Uncertainty
using Explicit Aggregation” on Wouter Den Haan’s web site.
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One idea (which KS used) is to first solve a rep-agent RBC model with
same parameterization as KS model. Then use its coefficients
(a0, a1, b0, b1) as initial guess.
We will see some more complex examples next week.

2 Can’t we update H without simulating? Yes we can.
Den Haan and Rendahl (2009) propose a method where

K
′
= Hj(K, z) =

∫
k
′
j(k, ϵ; Γ, z)dΛ(k, ϵ)

where Λ(k, ϵ) is the distribution of households across capital and
employment status
This works well if you choose a parameterize the decision rules in
particular way.

▶ See “Solving the Incomplete Markets Model with Aggregate Uncertainty
using Explicit Aggregation” on Wouter Den Haan’s web site.
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Accuracy of the Solution

Final solution in Krusell-Smith’s baseline model:

log K̃′ = 0.085 + 0.965 log K̃ for Z = Zb, R2 = 0.999998, σ2
ν = 0.0036%

(5)

log K̃′ = 0.095 + 0.962 log K̃ for Z = Zg R2 = 0.999998, σ2
ν = 0.0028%

(6)

▶ Notice how high the R2 is!

▶ Can you get away with something lower? Anything below R2 = 0.999 is
typically not an accurate solution. (More on this in a moment).
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Substantive Results: A Digression



How Much Wealth Inequality Does the K-S Model Generate?

▶ Baseline model: Not much inequality. Gini is 0.25, top 1% holds 3% of
wealth.
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Stochastic-Beta Model

▶ To generate more wealth inequality, K-S introduce stochastic-β or
patience heterogeneity:

β̃t: Markov chain with persistence matched to length of a generation.

▶ How well does the Krusell-Smith method work?

log K̃′ = 0.095 + 0.961 log K̃ for Z = Zb, R2 = 0.999985, σ = 0.0077%
log K̃′ = 0.100 + 0.961 log K̃ for Z = Zg R2 = 0.999991, σ2

u = 0.0056%,

▶ How much wealth inequality does stochastic-β generate? A lot!

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 13 / 46



Stochastic-Beta Model

▶ To generate more wealth inequality, K-S introduce stochastic-β or
patience heterogeneity:

β̃t: Markov chain with persistence matched to length of a generation.

▶ How well does the Krusell-Smith method work?

log K̃′ = 0.095 + 0.961 log K̃ for Z = Zb, R2 = 0.999985, σ = 0.0077%
log K̃′ = 0.100 + 0.961 log K̃ for Z = Zg R2 = 0.999991, σ2

u = 0.0056%,

▶ How much wealth inequality does stochastic-β generate? A lot!

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 13 / 46



Approximate Aggregation
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How do the Decision Rules Look Like?

Figure 1: Solution to Krusell-Smith Model
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Approximate Aggregation: How?

▶ Krusell-Smith call their finding that the first moment is sufficient
“approximate aggregation.”

▶ A major reason for outcome is that savings rule is approximately linear
in assets.

▶ So redistributing wealth from one agent to another would almost not
affect aggregate savings.

▶ This depends on a few key assumptions:

identical preferences (Rubinstein showed that with such preferences it’s
easy to get full demand aggregation).

single asset (will talk about multiple assets in next lecture).

big aversion to constraints (zero labor income makes it very costly to be
at constraint).

few people at the constraint and even if there are, they have no wealth to
affect prices.
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(Nonlinear) Effect of Income Persistence on Inequality

▶ Effect of ρ nonlinear at the top: look at σ(K) and Gini of wealth.
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Back to Computation:

Checking Accuracy of Solution



Since Krusell-Smith (1998)

▶ Approximate aggregation has been found to hold in a wide range of GE
models with heterogeneity:

? reports that adding higher moments added little precision. ? follows
Midrigan and does something similar.
Khan and Thomas (AER, 2007; ECMA, 2008) get good results using the
mean only.
Krusell, Mukuyama, Sahin (labor search application)
Bloom (ECMA, 2009), Bloom et al (ECMA, 2018): Rich GE firm dynamics
model with uncertainty shocks: K-S still works.
Many many more..
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JEDC 2010 Special Issue on Krusell-Smith: Wide Variation in
Speed and Accuracy of Algorithms

Figure 2: Different Algorithms for Solving Krusell-Smith (1998)
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Checking for Accuracy of your Solution

▶ Den Haan’s experiment: Suppose the true solution to K-S model is given by:

logK′ = α1 + α2z + α3 logK

with parameters in the first row of table below.

▶ Change α3 such that the R2 gradually falls to values shown in the following
rows while keeping mean K constant.

▶ Check what happens to implied standard deviation of capital (last column):
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Experiments to Check Accuracy: Experiment 1

True DGP: logK′ = α0 + α1 logK + α2z + α3 logK−1

Approximated DGP: logK′ = α0 + α1 logK + α2z

▶ Experiment 2: logK′ = α0 +α1,tlogK+α2z. Ignore time variation in α1.
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Checking Accuracy
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Essential Accuracy Plot

Figure 3: Updated Values of K used in Approximating Law
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Essential Accuracy Plot

Figure 4: Updated Values of K not used in Approximating Law

Fatih Guvenen U of Minnesota Lecture 9: GE with Aggregate Shocks 25 / 46



Rules of Thumb

1 Do not rely on R2 and residual variance alone.

These are average measures. Can hide big inaccuracies confined to small
areas that can be very important.

R2 is scaled by the LHS of the regression. An alternative is to check the
R2 of:

logK′ − logK = α1 + α2z + (α3 − 1) logK

2 Also check multi-period forecast errors. (R2 checks only one step
ahead!)

Krusell and Smith checked 25 years ahead (100 periods)

3 Den Haan suggests comparing the law of motion generated by
simulated data by plotting the “essential accuracy plot” shown above.
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Wide Variation in Speed of Algorithms

Figure 5: Different Algorithms for Solving Krusell-Smith (1998)
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Checking for Accuracy: Christiano and Fisher (JEDC, 2000)

▶ Solve a representative agent asset pricing model for 7 different
parameterizations and compare the accuracy of several solution
algorithms
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Christiano and Fisher: Solution Methods
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Christiano and Fisher: Model Parameterizations
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Accuracy for Quantities: OK
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Asset Prices more Sensitive than Quantities
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Asset Prices more Sensitive than Quantities
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Understanding the Source of the Problem

Figure 6: Exact vs Numerically Computed Savings Decision Rules (for Different
State Variable Values)
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Back to Approximate Aggregation:



When Does it Hold/Not Hold?

▶ Approximate Aggregation holds when aggregate capital is a sufficient
statistic/state variable for the wealth distribution in a GE model with
incomplete markets.

▶ Note that Krusell-Smith method is not the same as approximate
aggregation.

Even if moments other than aggregate capital is needed to represent the
wealth distribution, Krusell-Smith could work, if one can find the right
combination of moments, a good family for law of motions H that
satisfies all equilibrium conditions.

▶ In fact, there is a broad set of GE models with lots of bells and whistles
where Krusell-Smith method still works.
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Krusell-Smith: When Does it Work?

Approx. Agg. Obtains? K-S works? What moments sued
Krusell-Smith (1997, MD): 2 asset problem yes yes K, but nonlinear bond price eq.
Krusell-Smith (1998, JPE) yes yes K
?, IER yes yes
?, ECMA yes yes
?, ECMA yes yes
?, RED yes yes
?, JME yes yes
?, QJE yes yes
?, ECMA yes yes
Bloom et al (ECMA, 2018) yes yes
?, RED no yes K, cond. exp. equity premium
Guvenen (2001, JME) no∗ no 2 pt wealth distr needed. Full RCE solved +
Guvenen (2009, ECMA) no∗ no Eq. functions very nonlinear
Kubler and Schmedders (2002, MD) no no Wealth distr. is not sufficient state var.
Krueger and Kubler (2004, JEDC) no no Wealth distr. is not sufficient state var.
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When Does K-S Not Work Well?

▶ Broadly speaking, two types of features make approximate aggregation
not hold well.

▶ OLG structure (e.g., Krueger and Kubler (2004), ?):
because of shorter horizon and young starting with low wealth, many
individuals in the nonlinear part of their savings decision rule.

▶ Aggregate shocks with redistributional structure (e.g., Guvenen (2001,
2009) and others with capitalist-entrepreneur/worker models):

Aggregate shocks have multiple effects, some affecting groups in same
direction (through wage effect), others in opposite directions (different
exposures to prices movements).
Standard GE models like K-S also have this feature but it is much more
muted.
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Example: Asset Pricing Model with Segmented Markets

Guvenen (2009, ECMA):

▶ Production economy with two assets: Firm’s capital (stock) and a
household bond.

▶ Two types of agents: stockholders (h) and bondholders (n). The latter
cannot hold the stock.

▶ Population share of stockholders is µ, and share of bondholders is
1− µ.

▶ Aggregate state vector: (K,B,Z)= (capital stock, bondholders
aggregate bond holding, aggregate shock).

▶ (K,B) represents the entire wealth distribution since there are two
agents.

▶ Both agents face portfolio constraints: s′h ≥ 0 and bh ≥ b1, and bn ≥ b2.
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Example: Asset Pricing Model with Segmented Markets

▶ So in equilibrium, stockholders as a group cannot hold more bond
than what non-stockholders can borrow:

▶ In other words, since bond market clearing gives:
µbh(K,B,Z) + (1− µ)bn(K,B,Z) = 0, for all aggregate states
(K,Bmin,Z) where Bmin = (1− µ)b2 we must have
bh(K,Bmin,Z) = (1− µ)b2/µ must be an optimal choice.

▶ Asset prices adjust near this constraint—sometimes very
nonlinearly—to make this possible.
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Law of Motion for Capital

▶ Law of motion for capital has fairly low curvature in K direction.

Figure 7: Evolution of Aggregate (Log) Capital
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Equilibrium Bond Price Function, Z = Zmin

▶ Significant curvature near grid limits (borrowing limit of each group).
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Equilibrium Bond Price Function, Z = Zmedian

▶ Direction and shape of curvature changes significantly with level of
(K,Z)
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Equilibrium Stock Price Function, Z = Zmax

▶ Less curvature for high Z. Not evidence that there is little curvature for
other (Z,K) combinations.
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An aside

▶ A different and deeper question is whether the wealth distribution
itself is a sufficient statistic to write a sequential GE problem in
recursive form.

▶ In general: no proof that a recursive equilibrium exists with wealth as
a state variable.

▶ A recursive equilibrium exists using an expanded state vector: Jianjun
Miao (2006), Competitive Equilibria of Economies with a Continuum of
Consumers and Aggregate Shocks, JET, 128, 274-298.
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